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In this paper we analyze the thermodynamic properties of a photon gas under the inﬂuence of a 
background electromagnetic ﬁeld in the context of any nonlinear electrodynamics. Neglecting the self-
interaction of photons, we obtain a general expression for the grand canonical potential. Particularizing 
for the case when the background ﬁeld is uniform, we determine the pressure and the energy density 
for the photon gas. Although the pressure and the energy density change when compared with the 
standard case, the relationship between them remains unaltered, namely ρ = 3p. Finally, we apply the 
developed formulation to the cases of Heisenberg–Euler and Born–Infeld nonlinear electrodynamics. For 
the Heisenberg–Euler case, we show that our formalism recovers the results obtained with the 2-loop 
thermal effective action approach.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
Maxwell electrodynamics is one of the most successful theories 
in the history of physics. Classically, it is able to describe all the 
known electric and magnetic phenomena including the creation 
and propagation of electromagnetic wave. Its quantum version, 
QED, is the most successful QFT ever built and tested producing 
accurate results up to ten parts in a billion [1]. Nevertheless, al-
ternatives and extensions of Maxwell electrodynamics have been 
proposed since its creation in the second half of the nineteenth 
century. The motivations for proposing these extensions are quite 
diverse and include the problem of divergence for the classical 
Coulomb potential [2–4], experimental constrains for the photon 
mass [5–8], the classic study of vacuum polarization effects [9–11], 
modiﬁcations on electrodynamic in the context of branes [12], etc.
From the point of view of a gauge theory [13], Maxwell electro-
dynamics arises imposing four conditions to its Lagrangian: (i) the 
Lagrangian L must be Lorentz invariant; (ii) L should be gauge 
invariant for U (1) symmetry group; (iii) L must depend only on 
Aμ and its ﬁrst derivative; (iv) the Lagrangian should contain only 
quadratic forms of Aμ and its ﬁrst derivative. There are many 
examples of extensions of Maxwell electrodynamics which break, 
at least, one of the above four conditions. Violation of the ﬁrst 
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SCOAP3.condition is usually done introducing tensor quantities that cre-
ate preferred directions and boost-dependent effects [14–17]. On 
the other hand, if it is introduced a usual term of mass for the 
photon – Proca electrodynamics [18] – the second condition is nec-
essarily violated. Moreover, if only the third condition is broken 
a Maxwell extension emerges known as Podolsky electrodynam-
ics [19–21]. Finally, if only the fourth condition is violated then a 
class of electrodynamics called nonlinear electrodynamics (NLED) 
arises [22]. An example of NLED is Born–Infeld theory [3,4]. This 
paper has NLED as background.
Models involving NLED appear in different branches of physics, 
but the most important situation in which they arise is in the con-
text of vacuum polarization. Since the early thirties, we know that 
virtual electron loops induce a self-coupling of the electromag-
netic ﬁeld. In the energy scales below the electron mass and for 
a constant electromagnetic ﬁeld this self-interaction could be rep-
resented by an effective ﬁeld theory known as Heisenberg–Euler 
NLED. The one and two loops Heisenberg–Euler effective actions 
were calculated in [9,23,24] and [25–28], respectively. Besides vac-
uum polarization in QED, models of NLED emerge in other contexts 
such as string theories [29–32] and in the description of radiation 
propagation inside speciﬁc materials [33–36].
Recently, in the context of deformed special relativity (DSR), 
some papers have studied thermodynamics consequences of modi-
ﬁcations in the relativistic dispersion relation [37–40]. These works 
are usually motivated by the possibility of Lorentz symmetry 
breakdown at Planck scales [41,42]. Modiﬁed dispersion relations 
appear not only in DSR models but also in NLED scenarios. This  under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
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tion in an electromagnetic background. Considering a background 
electromagnetic ﬁeld it is possible to show that the interaction be-
tween an electromagnetic wave and this ﬁeld produces a modiﬁed 
dispersion relation [43–45].
In the present work, we explore the thermodynamics properties 
of a photon gas under the inﬂuence of a background electromag-
netic ﬁeld in NLED scenarios. The paper is organized as follows. In 
Section 2, we present the modiﬁed dispersion relations and per-
form the thermodynamic analysis for a photon gas in an arbitrary 
NLED background. In Section 3, we apply the developed formula-
tion on Heisenberg–Euler NLED and compare the results with the 
effective ﬁeld theory at ﬁnite temperature. Section 4 presents a 
comparison among the thermodynamic properties of the photon 
gas in the background of Maxwell and Born–Infeld electrodynam-
ics. The ﬁnal remarks and further perspectives are made in Sec-
tion 5. Finally, a discussion on the birefringence phenomenon is 
presented in Appendix A.
2. Photon gas thermodynamics
A general NLED is described in terms of the Lagrangian L(F , G)
where F = − 14 f μν fμν = 12 (E2 − B2) and G = − 14 fˆ μν fμν = E · B
are the contractions between the electromagnetic ﬁeld tensor and 
its dual. The ﬁrst step to obtain the modiﬁed dispersion relation 
is to introduce an energy scale M and require that all other en-
ergy scales of the system (with exception of the ﬁeld strength) are 
small when compared with M .1 This condition ensures that the 
electromagnetic ﬁeld is slowly varying and restricts the radiation 
to be low frequency when compared with M [11]. The next step is 
to split the ﬁeld strength f μν into a background ﬁeld Fμν and a 
plane wave φμν . Finally, considering a linear approximation in φμν
we obtain[
ημν + z±(F ,G)Fμα Fαν
]
kμkν = 0, (1)
where
z±(F ,G) ≡ −2Fσ + LF (LGG + LF F ) ±
√
δ
2[L2F + 2LF (LFGG − LGG F ) − G2σ ]
(2)
with LF = ∂L∂ F , LG = ∂L∂G ,
δ = [LF (LF F − LGG) − 2Fσ ]2 + 4[LF LFG − Gσ ]2,
and
σ = LF F LGG − L2F G .
This result was ﬁrst obtained by the authors in [44].
The function z±(F , G) contains all the information of the NLED 
and the ± sign indicates the existence of two possible solutions. 
Besides, it is interesting to note that the linear approximation does 
not imply that the Fμν is much stronger than the φμν . Thus, the 
zero-ﬁeld limit for the background ﬁeld is well deﬁned.
Using Minkowski’s signature, ημν = diag(+, −, −, −), and the 
4-wave vector kμ = (ω, k), (1) can be rewritten to obtain the en-
ergy ω of a photon in terms of z±(F , G), the wave vector of the 
photon, and the background electromagnetic ﬁelds, E and B as2
ω± =
z±S +
√
z2±S2 − [1+ E2z±]{z±R − k2}
1+ E2z±
(3)
1 This energy scale is speciﬁed in each NLED.
2 The units used in this paper are c =  = 1.where
S = (E × B) · k, R = (k × B)2 − (k · E)2.
The expression (3) deserves some comments. First of all, there 
is not only one dispersion relation but two of them. It occurs be-
cause each transverse mode of wave propagation has a different 
dispersion relation, i.e. the energy ω depends on the photon polar-
ization. This phenomenon is called birefringence and it is present 
in NLED models in general [46] (for details see Appendix A). 
Moreover, these dispersion relations are coordinate dependents in 
general. The photon energy depends on the points of space–time 
because of its interaction with the background ﬁeld. This is antic-
ipated since the self-interaction processes of electromagnetic ﬁeld 
are present in any nonlinear models.
2.1. Statistical approach
With the general form of the photon dispersion relation in 
terms of NLED properties and the background ﬁeld we now must 
resort to a statistical approach in order to obtain the thermody-
namic properties of the photon gas. Since the bosonic nature of 
the photon is not affected by the generalization of the underly-
ing dynamics, the Bose–Einstein statistics is still appropriate. There 
is an important point concerning the choice of reference frame. 
Although the phase volume d3xd3p is Lorentz-invariant [47], the 
same cannot be said about the dispersion relation (3). Indeed, the 
dependence of ω± on the background electromagnetic ﬁeld makes 
it clearly dependent on the reference frame. In order to describe 
the thermal radiation, we must choose a reference frame comov-
ing with the matter which produced the gas of photons. Thus the 
photons with the same energy are isotropically distributed in the 
space. It deﬁnes the reference frame in which the partition func-
tion must be calculated. Note that the same choice is done when 
we perform the usual calculation in Maxwell theory.3
In the grand canonical ensemble [48], the potential for the gas 
of photons is given by
Ω = − g
V
∑
j
ln
(
1− e−βω j )
where β = 1kT , V is the volume and g takes into account the inter-
nal degrees of freedom. In NLED each transverse mode corresponds 
to a different dispersion relation, so g = 1 and the expression 
above can be rewritten as
Ω = −1
(2π)3V
[∫
ln
(
1− e−βω+)d3xd3p
+
∫
ln
(
1− e−βω−)d3xd3p]. (4)
It is clearly seen that in the cases of non-birefringent NLED, the 
grand canonical potential falls back to the known expression. The 
thermodynamical quantities are computed in the usual way, i.e., 
the pressure p and the energy density ρ are given by
p = Ω
β
and ρ = −
(
∂Ω
∂β
)
. (5)
3 As it can be veriﬁed in the measurement of CMB, the effect of a different choice 
of reference frame distorts the black body radiation distribution.
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Although Eq. (4) represents the general case, it is diﬃcult to 
calculate the integrals mainly due to the spatial dependence of 
the electromagnetic ﬁeld. Thus, for simpliﬁcation purposes we con-
sider a particular case where the electromagnetic ﬁeld is uniform. 
Without loss of generality, it is possible to align the x axis with 
the electric ﬁeld and the magnetic ﬁeld within the xy plane. Then, 
Eq. (3) reduces to
ω± =
y±k3 +
√
a±k21 + b±k22 + c±k23 + e±k1k2
x±
,
where the subscript indicates the Cartesian components and
a± =
(
1+ E21z± − B22z±
)
x±, e± = 2x±B1B2z±,
b± =
(
1− B21z±
)
x±, x± = 1+ E21z±,
c± = x± − x±B21z± − B22z±, y± = E1B2z±.
Note that all these factors are constants.
Due the similarity of the terms in the r.h.s. of (4), one can write
Ω± = − 1
(2π)3
∫
ln
(
1− e−βω±)d3k (6)
with
Ω = Ω+ + Ω−.
Expanding the ln(...) in Taylor series and performing some variable 
substitutions the integral (6) is rewritten as
Ω± = A
∞∑
n=1
1
n
[ π∫
0
∞∫
0
e
− nβx± (1+
y±√
c± cos θ)rr2 sin θdrdθ
]
,
where the constant A is
A = 1
4π2
√
c±(4a±b± − e2±)
.
This integral converges under the requirements
x± > 0 and |y±| < √c±. (7)
The result is:
Ω± = π
2
90
|c±|
(1− z±(B21 + B22))2
1
β3
. (8)
The potential above was calculated on the black body rest 
frame. On the other hand, it is possible to choose a new frame 
which has a 4-velocity uμ (in the black body rest frame uμ =
(1, 0, 0, 0)). Thus, with uμ we can deﬁne a new invariant
H = (uμFμα)(uν F να)
and rewrite (8) in terms of invariants F , G and H :
Ω± = π
2
90
|1+ 2z±F − z2±G2|
(1+ z±(2F − H))2
1
β3
≡ K±
β3
. (9)
Because of the dependence of the constraints on z± , they must be 
analyzed separately for each NLED. Two examples are given in the 
next sections.
Substituting the explicit form of Ω in (5) it is possible to obtain 
the pressure,
p(kT ) = (K+ + K−)(kT )4, (10)and the energy density
ρ(kT ) = 3(K+ + K−)(kT )4. (11)
If we set z± = 0 it follows K+ = K− = π290 and the usual results are 
recovered.
An interesting result is that, despite of p and ρ being affected 
by the constant background ﬁeld, the equation of state remains 
unaffected, i.e.
p = ρ
3
.
This result is independent from a particular NLED.
Before the end of this section, it is interesting to reanalyze the 
approximation made at the beginning. To obtain the dispersion re-
lation (1) it was supposed that the frequency associated with the 
radiation is smaller than the energy scale M . It implies that the 
approach developed is only valid when the average energy per 
photon ε is much smaller than M . Thus, remembering that the 
photon numerical density n is proportional to (kT )3 we establish 
the following condition:
ε ∼ ρ
n
∼ (kT )  M. (12)
3. Heisenberg–Euler effective Lagrangians
In this section, we apply the above formulation to Heisenberg–
Euler NLED. The 1-loop Heisenberg–Euler effective action [9,10] is 
given by
L1 = F + e
2ab
8π2
∞∫
0
ds
s
e−im2s
×
[
cot(eas) coth(ebs) − 1
ab
(
1
e2
+ 2
3
F
)]
(13)
where
a2 =
√
F 2 + G2 − F , b2 =
√
F 2 + G2 + F .
The constants e and m are respectively the charge and mass of the 
electron. It is worth noting that due to the fact G gains a minus 
sign after a parity transformation, the theory must only depend on 
G2 to be parity invariant.
It is important to emphasize that the Heisenberg–Euler NLED 
is an effective description of QED in the low-energy regime. More 
precisely, the Lagrangian (13) is only valid for photons with energy 
lower than the electron mass. This characteristic scale sets M =m, 
and thus our approach is valid only in the regime of kT m.
Expanding (13) in power series and integrating over s lead to
L1 = F + c1F 2 + c2G2 + c3F 3 + c4F G2 + ... (14)
with
c1 = 8α
2
45m4
, c2 = 14α
2
45m4
,
c3 = 2
8πα3
315m8
, c4 = 2
5 × 13πα3
315m8
,
where α is the structure constant of QED.
Let us concentrate on a weak-ﬁeld analysis expanding K± to 
quadratic terms in the invariants:
K± 	 π
2
90
[
1+ 2z±(H − F )
+ z2±
[
3(H − 2F )2 − G2 + 4(H − 2F )F ]]+O(3). (15)
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The coeﬃcient z± should be linear in the invariants which means 
that
z+ = 2c1 + 2
(
2c22 − 4c1c2 + 3c3
)
F +O(2),
z− = 2c2 + 2
(
2c22 − 2c21 + 2c1c2 + c4
)
F +O(2).
Besides, as we are concerned with ﬁrst corrections to Maxwell 
electrodynamics all terms greater than α3 will be neglected. Thus, 
(15) is rewritten as
K+ 	 π
2
90
[
1+ 4c1(H − F ) + 12c3(H − F )F +O(3)
]
K− 	 π
2
90
[
1+ 4c2(H − F ) + 4c4(H − F )F +O(3)
]
and (11) leads to
ρ(kT ) = π
2
15
(kT )4 + 44α
2π2
675
(H − F )
m4
(kT )4
+ 2
6 × 37α3π3
33 × 52 × 7
F (H − F )
m8
(kT )4 +O(3). (16)
Note that (H − F ) is always positive.
This result is in complete agreement with the calculation of 
QED effective action at ﬁnite temperature. In fact, it has been 
shown in [49] that in the thermal 1-loop QED effective Lagrangian 
at low-temperature expansion all the terms are damped by a fac-
tor e−
m
kT . However, the thermal 2-loop effective action at low-
temperature expansion in the weak-ﬁeld limit produces a domi-
nant term exactly as presented in (16).4 We do not obtain terms 
proportional to (kT )6 presented in the thermal 2-loop effective 
action5 because our approach is valid only in the regime of 
kT  m. Moreover, the calculation at ﬁnite temperature shows 
that our model is an excellent approximation in the regime of 
kT
m < 0.05 where terms proportional to (kT )
6 are subdominants 
[50]. It is worth mentioning that the consistency between the 
two approaches was not obvious a priori since we use the 1-loop 
Heisenberg–Euler effective action at zero temperature.
Let us move on and take into account the 2-loops Heisenberg–
Euler effective action. According to [28], the effective Lagrangian 
is
L2 = F + c¯1F 2 + c¯2G2 + c¯3F 3 + c¯4FG2 + ...
with
c¯1 = c1 + α
3
πm4
26
34
, c¯2 = c2 + α
3
πm4
263
2× 34 ,
c¯3 = c3 − α
4
m8
23 × 23× 53
34 × 52 , c¯4 = c4 −
α4
m8
25 × 541
34 × 52 .
Performing the same approximations as before we obtain
ρ = π
2
15
(kT )4 +
[
44α2π2
675
+ 391πα
3
5× 35
]
(H − F )
m4
(kT )4
+ 2
6 × 37α3π3
33 × 52 × 7
F (H − F )
m8
(kT )4 +O(3), (17)
where the new term arises due the contribution of 2-loops effec-
tive action. As expected, this new term represents a small correc-
tion (about 1%) compared with 44α
2π2
675 . However, for 
F
m4
< 0.05 its 
4 Eq. (32) in [50] with ρ = T ( ∂L2T
∂T ) − L2T .
5 Second terms at low-temperature expansion – Eq. (33) in [50].contribution becomes dominant when compared to the last term 
in (17). Restoring the (Gaussian) units we have
F
m4
→ h¯
3c3F
m4c8
→ 7× 10−26
(
E2 − B2
2
)
.
Thus,
F
m4
< 0.05 ⇒
{
B < 1.2× 1012 G
E < 3.6× 1014 V/cm.
As almost all electric and magnetic ﬁelds known respect the con-
straints above (exception for magnetars) the new term in (17) is 
dominant over the last one.
Finally, it is important to emphasize that if there is consistency 
between our approach and the effective action at ﬁnite temper-
ature, then the thermal three (or more) loops calculation must 
derive the correction 391πα
3
5×35 . As far as we know this calculation 
has never been done.
4. Born–Infeld Lagrangian
The most well-known extension of Maxwell electrodynamics is 
the Born–Infeld electrodynamics which is produced by the follow-
ing Lagrangian [3,4]:
LBI = b2
[
1−
√
1− 2F
b2
− G
2
b4
]
,
where b2 is an arbitrary real parameter with dimension of energy 
density. The Maxwell electrodynamics is recovered when b → ∞.
What makes the Born–Infeld NLED interesting are its special 
features. For example, LBI has an upper limit value of the ﬁelds 
avoiding the problem of divergence of the electrostatic self-energy 
of a point charge. It is the only physical NLED which presents no 
birefringence [46]. Besides, a generalization of Born–Infeld model 
describes the electrodynamics on D-branes in the context of open 
string theories [29].
Although Born–Infeld Lagrangian has no restrictions, it pos-
sesses a characteristic energy scale associated with the b param-
eter. This characteristic scale sets M = √b, and thus our approach 
is valid only in the regime of kT  √b.
For the Born–Infeld Lagrangian, δ = 0 and (2) is given by
zBI+ = zBI− = −
1
2F − b2 .
In order to simplify the manipulation and for insight purposes we 
will analyze only when the uniform background ﬁeld is purely 
magnetic or electric. In this case, we can write the energy den-
sities for Born–Infeld model as
ρBI(E1, T ) = π
2
15
(
1
1− E21
b2
)
(kT )4 (18)
and
ρBI(B1, T ) = π
2
15
(
B21
b2
+ 1
)
(kT )4. (19)
It is important to look for the validity interval dictated by the 
constraints (7). For the electrostatic case E1 < b, which is in agree-
ment with the role that the constant b lays. For the magnetostatic 
case, the constraints are always satisﬁed, which means that B1 can 
assume any value. In order to compare the behaviors, a dimen-
sionless comparison between the two ρBI and the standard ρEM is 
formed in Fig. 1.
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trodynamics. The energy densities are plotted in terms of dimensionless parameters 
E1
b and 
B1
b .
Fig. 1 shows that, for a given kT , the two ρBI increase as the di-
mensionless ﬁeld parameters increase and they are always greater 
than ρEM. . Physically, this phenomenon is due to the interaction 
of the photons with the background ﬁelds leading to an excita-
tion of the gas, i.e., the background ﬁelds transfer energy to the 
photon gas. It is worth noting that this energy transfer is more 
effective in the electrostatic case. Similar situation occurs with 
effective Heisenberg–Euler Lagrangians since the heat-bath engen-
ders an extra excitation for the photon gas.6
5. Final remarks
In this paper the properties of a photon gas were studied in the 
context of a general NLED neglecting the photon self-interaction. 
As usual, the Bose–Einstein statistics was used and the calculation 
of the partition function was performed. The grand canonical po-
tential was obtained considering a uniform background ﬁeld, and 
for this case, we veriﬁed that although the energy density and 
pressure depend on the background ﬁeld, the equation of state re-
mains unaltered, namely ρ = 3p.
Applications of the results were done to Heisenberg–Euler 
and Born–Infeld nonlinear electrodynamics. Using the 1-loop 
Heisenberg–Euler effective action at zero temperature we were 
able to recover the results obtained in the thermal 2-loops ap-
proach [50]. Besides, including corrections at 2-loops (zero tem-
perature) we predicted a new term which should be dominant in 
second order for the photon gas energy density. It would be inter-
esting, in a future work, to verify if this new term can be derived 
from the thermal 3-loop Heisenberg–Euler effective action. For the 
Born–Infeld model, the interaction of the photons with the back-
ground ﬁeld might produce an excitation of the gas.
The approach developed in this paper can be used to test the 
linearity of electrodynamics or set constraints for speciﬁc NLED. 
For example, one may look for deviations of Planck spectrum 
and/or modiﬁcations of energy density in situations of strong 
electromagnetic ﬁeld (e.g. around magnetars). Although our ap-
proach applies to any NLED, it does not take into account the 
self-interaction of photons. This approximation limits the scope of 
possible applications. A solution is to choose a speciﬁc NLED and 
6 See the dominant correction in (17).apply the procedure of quantization at ﬁnite temperature to obtain 
a complete description of the black body phenomenon [8]. In this 
situation, it would be possible, for example, to analyze the effects 
of a NLED in primordial cosmology.
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Appendix A. Birefringence phenomenon
Following the procedure described in [44], the amplitude of 
electromagnetic ﬁeld for a photon is given by
εμν = kμεν − kνεμ
where
εμ = αaμ + βaˆμ + γ kμ.
with aμ ≡ Fμνkν and aˆμ ≡ Fˆμνkν . Using the relations kμ =
(ω, −p), aμ = (a0, a) and aˆμ = (aˆ0, −→aˆ), we can write the electric 
ﬁeld Ei = εi0 as
E = αv + βu (A.1)
where v = −(a0 p + ωa) and u = −(aˆ0 p + ω−→aˆ) are LI vectors. 
Eq. (A.1) states that the electric ﬁeld for a photon is always lo-
cated on the plane generated by v and u.
On the other hand, the two dispersion relations ω± are ob-
tained imposing non-trivial solution to the system(
Mk2 − LF F a2 GLF F k2 − NLFG
GLGGk2 − LFGa2 Mk2 − NLGG
)(
α
β
)
=
(
0
0
)
, (A.2)
with
M ≡ LF + GLFG , N ≡ a2 + 2Fk2
k2 ≡ kμkμ and a2 ≡ aμaμ.
Each of dispersion relations, ω+ and ω− , is associated with a re-
spective vector V+ = (α+, β+) and V− = (α−, β−) which, in the 
language of eigenvalue problems, are eigenvectors. These two vec-
tors deﬁne the LI set
E+ = α+v + β+u and E− = α−v + β−u.
Thus, any photon whose electric ﬁeld E is in the direction E±
propagates with a dispersion relation ω± . Besides, the ﬁeld E of 
any photon can be decomposed in
E = α¯E+ + β¯ E−,
producing the phenomenon of birefringence.
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